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1.0 Introduction 

 Communication signals are transmitted through different forms of physical 

channel. Coaxial cable, twisted pair wires, radio waves of a range of 

frequencies are common examples. The channel adds noise and has a finite 

bandwidth. Transmitted data pulses are convolved with the channel impulse 

response, if the channel impulse response is significantly longer than the pulse, 

the pulse energy becomes spread out in time and added to the following pulse. 

This effect is called intersymbol interference (ISI). 

The techniques that are used to compensate for the affects of ISI are generally 

called equalizer techniques. Equalizers that automatically compensate for ISI 

are called adaptive equalizers these are the subject of this study. 

The adaptive equalizer must perform a deconvolution of the received signal 

followed by an estimate of the symbol. Conventional adaptive equalizers use a 

burst of data that is known to the receiver in order to make an estimate of the 

channel impulse response. Recently researchers have developed techniques of 

channel equalisation that do not require the use of training signals. These are 

commonly called blind equalisers Ding[1] attributes this term to A.Benviste 

and M.Goursat [18]. 

1.1 Aims and objectives 

The aim of this project is to compare the performance and complexity of 

several blind equalisation techniques with a more conventional trained 

equalizer technique. To examine the possibility of combining the blind 

algorithms in a way which results in an improvement. The first of objective 

was to study a series of equalizer algorithms.  

The equalizers studied were: 
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1 Trained linear equalizer. 

2 Blind linear equalizer based on the constant modulus CMA algorithm. 

3 Decision directed algorithm used to track channel changes in a linear 

equalizer which has already converged. 

4 Blind equalizer based in the constant modulus algorithm (CMA) in the feed 

forward filter with a decision feedback (DFE) loop that uses a simple form of 

decision directed algorithm. This is a combination of algorithms 2 and 3 

which offer a significant improvement on the linear equalizer with very little 

extra complexity. Non of the equalizers studied here are optimum in the 

sense that they have the best attainable performance. The maximum 

likelihood sequence estimator [3] is able to outperform the equalization 

methods studied here. The equalizers were chosen because they are thought 

top offer a good compromise between performance and complexity. 

The study requires specific channel models that have a basis in real 

applications a further objective was to define suitable channel models .Two 

types of channel models were used, they are: 

1. Channel model 1 which is based on a microwave channel model which 

exhibits very severe ISI over a short symbol history 

2. Channel model 2 which is based on a coaxial cable channel this exhibits 

less severe peak ISI over eight symbols 

In order to compare the performance of the equalizers in a systematic way the 

following criteria were used.  

1. Calculation and simulation of   the ISI   of each channel model before 

and after equalization. 
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2. Calculation and simulation of   the ISI   symbol error rate that will result 

from each channel model before and after equalization. 

1.2 Organisation of the dissertation 

The discussion starts in chapter 2 with a description of a general baseband 

model for ISI. This shows how the channel impulse response and ISI are 

related and explains why the sampled data, or z domain analysis can be used. 

 The equalizer techniques chosen for the study are explained in more detail in 

section 3 . 

The equalizer performance must be judged in the context of a channel model. 

Choice of channel models is there fore crucial to the study. In section 3 a series 

of channel models are derived. The two-ray model of a microwave channel is 

reviewed. The two-ray model produces very high levels of ISI  over a two 

symbol duration. The two-ray model can be interpreted in the z domain as 

complex zero .The frequency domain interpretation of the two-ray model is a 

notch whose depth depends on the distance of the zero from the unit circle. A 

version of the two-ray model is derived so that the depth of the notch can be 

varied using a parameter “k” to create notch depths of 6,16 and 26dB.The 

possibility of the channel producing a zero outside the unit circle , termed  a 

non minimum phase zero is considered. In order to provide a contrast with the 

two-ray model which produces very severe ISI over two symbols a channel 

model which produces less severe ISI over 8 symbols is considered. The data 

for this model is based on published data of a transformer coupled co-axial 

cable impulse response in [5]. 
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 The channel models were chosen to have different characteristics in order to 

make the results of   the analysis and computer simulations as wide ranging as 

possible. In summary the channel models can be divided into: 

1. Channel model which produces severe ISI over two symbols. Can be 

produced by a microwave channel and is modelled using a two-ray 

model. 

2. Channel model which produces less severe ISI over 8 symbols can be 

produced by a wired channel for example a transformer coupled co 

axial cable. 

In reality the channels will vary with time this is only considered briefly  

section 5.1.7 shows a simulation of the decision directed equalizer tracking a 

change in notch frequency.  

Section 4 discusses the achievable performance of the linear equalizer and the 

DFE equalizer by using a set of theoretical calculations of equalizer 

performance. First the theoretical equalizer coefficients for the LMS criteria 

are calculated for each channel. 

This is done for a theoretical linear equalizer and a linear equalizer with a 

decision feedback loop. The resultant ISI of the channel and the equalized 

channel are compared. The decision feedback loop is shown to provide an  

improvement over the linear equalizer , the limitations of the DFE loop are 

discussed .The effect of ISI on error rate is discussed in section 5.3.1. The error 

rate of an infinite linear equalizer is fist discussed to provide an upper bound 

on the performance. This is interesting because it shows that even if the 

equalizer is able to reduce the ISI to zero there is an increase in error rate over 
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a channel  which has no ISI.This due to an increase in the signal to noise ratio 

due to noise amplification by the FIR filter. 

Section 5.4.2 discusses the error rate for a practical equalizer  which is not able 

to reduce the ISI to zero. This is more difficult than the case of perfect 

equalization because the probability of error is dependant on the transmitted 

data sequence. An approximate method is used to calculate the error rate. This 

was thought to be a good way of gaining insight into the way that the error rate 

is affected by the residual ISI.  

The equalizers were simulated and the results are discussed in Section 6. 

Simulation is able to demonstrate that the techniques work in specified 

situations they do not show the global behaviour of the algorithms so care must 

be taken when generalising the results of simulations. For example 

convergence issues may not arise during simulation because the channel 

models and initialization point happen to allow easy convergence.  Coding and 

simulating the algorithms was considered to be a good way of gaining a deeper 

understanding of the way in which the algorithms work and the difficulty of the 

implementation. 

The equalizer algorithms and the channel models were coded using the “ 

“scilab” ” scientific software tool  which is freely available on the internet [24], 

[25]. 
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2.0 Problem description 

A baseband model of a channel with intersymbol interference 
 

 

Figure 2-1 A baseband model for  a channel with intersymbol interference 

The diagram in Figure 2-1 represents the discrete-time equivalent base band 

model which can be used to model the ISI, it is based on diagrams in 

[1],[3],and [6]. The output of the linear filter can be represented as a set of 

discrete-time samples therefore it is appropriate to use the discrete-time 

representation of a sampled signal 

The transmitted signal has a general form of:      

                                                �
=

-=
inf

0

)()(
n

n nTtgdtds     2-1 

)(tds  is the transmitted pulse, nd  is the data symbol , g is a time function 

corresponding to the transmitted pulse, T is the symbol  period,  Vns(n) is the 

noise of the nth sample  
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The signal is passed through a linear channel which has an impulse response of 

h(t) the output of the channel is sampled resulting in a series of discrete-time 

continuous amplitude samples which are the convolution of the impulse 

response of the data with the channel. 

                                  �
=

+-=
L

k

nvnskndskhndxr
0

)()().()(       2-2 

Where )(ndxr is the received signal, h (k) is the channel impulse response, 

ds(n-k) is the transmitted signal, )(nvns  is the noise sample, L is the length of 

the channel impulse response. 

3.0 The Equalizer Designs 

3.1 Filter length 

This section outlines the equalizer designs in block diagram format. All the 

equalizers use an 11-tap FIR stage. The choice of 11 taps was made because 

this was thought to be significantly longer than the channel model impulse 

responses that are being considered. The implementation of the constant 

modulus decision feedback equalizer ( CMA-DFE) equalizer demonstrated in 

the final section also uses an 11-tap FIR filter for the decision history register. 

3.2 Initialisation 

Equalizer initialisation can effect the convergence of the equalizer. It is 

recommended in [1] that the filter initialization should be to a state with a 

single one at the centre of the filter register , termed centre spike initialisation 

this has been used in all the simulations presented here. This is recommended 

for the initialisation of the CMA algorithm 
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3.3 The trained equalizer 

 

Figure 3-1Trained equalizer block diagram 

The trained equaliser designed for this report uses an 11 tap linear FIR filter 

shown as g(k) in Figure 3-1, based in diagrams in [1],[3] and [6]. The 

stochastic gradient descent algorithm was used to adjust the tap coefficients 

toward a least mean square approximation of the channel inverse.  

The filter output dout(n) is :          �
=

-=
p

k

kndinkgndeq
0

)().()(       3-1 

The filter update algorithm during the training phase of the equaliser is: 

mundeqneconjngng kk ).())(()()1( +=+                  3-2 
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)()()( ndoutLndsne -+=     3-3 

)(ngk is the filter tap weight k at time interval n. 

mu is the constant, which determines the filter update step size. 

L is the delay through the filter 

ds(n) is the source data symbol n which is made available as a training signal 

for part of the transmission sequence 

e(n) is the error signal which in this case is a measure of the channel distortion. 

Note the filter update equation uses the conjugate of e(n)   

The training signal ds(n) is known to the filter but the input din(n) is the source 

symbol convolved with the channel impulse response.    

3.4 Blind equalization based on the constant modulus algorithm 

A key assumption when that is used for the blind equalizer study is that the 

source symbols have  

uniform distribution not a Gaussian distribution this will be discussed further. 
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Figure 3-2Block diagram of the blind equalizer based on the CMA algorithm 

Figure 3-2 is based on diagrams in [1],[3],and [6]. 

A blind equalizer must adjust the tap coefficients of the filter in such a way that 

the ISI is minimised .The blind equalizer by definition does not use a training 

sequence.With reference to Figure 3-2in the case of the blind equalizer there is 

no training sequence. The equalizer must use a different measure of the ISI to 

adjust its tap coefficients.  

3.5 Constant Modulus Algorithm 

 The constant modulus algorithm can be used to replace the training signal that 

is required in the conventional adaptive equalizer: 

Intuitively if the signal has known properties for example its shape, the channel 

has the effect of changing this property , we might expect that an algorithm that 
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restores this property will reduce the effects of the channel distortion. The 

signal statistics are also known it is assumed that each symbol in the alphabet 

occurs with equal probability. This is assumption is standard in the 

development of this type of algorithm. A discussion of  the validity of this is 

carried out  in [2] 

 For example certain signals such as a binary signal which transmits 

information using the signal set [+1,-1] or a QAM signal which contains the 

symbol set [1+j,1-j,-1-j,-1+j] have the property that the signal modulus is 

constant. 

The particular form of the constant modulus algorithm requires the following 

cost function to be minimized. 

[ ] 2
2

2
)(

4
1

))(( Rndeqny -=y      3-4 

})({

}][{
2

4

2
ndsE

ndsE
R =

3-5

 

Where ds is the source symbol set. 

In the case of a  QAM signal R2=2. 

[ ] 2
2

2
|)( Rndeqne -=      3-6 

The quantity R2 is sometimes called the dispersion coefficient [26] it is 

commonly known as the kurtosis. 

The kurtosis of a Gaussian distribution is 3 for kurtosis>3 the tails of the 

probability distribution tend to look higher. 

The kurtosis is a statistical quantity .The effect of non-uniform distribution in 

the signal source is discussed in [33] and shown to degrade the performance. 
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Intuitively the action of this algorithm is to restrain the equalizer output to a 

constant modulus this is the property possessed by the original signal so if this 

property is restored then the signal shape may be restored and so the ISI is 

removed. This statement is intuitive and initial algorithms were used without a 

rigorous proof of convergence[1]. 

 A mathematical proof that if the equalizer output is constrained to a constant 

modulus  it in turn removes the ISI   is discussed in [1]. 

In order to minimize the error e(n) the filter tap update equation is: 

mundeqneconjngng kk ).())(()()1( +=+
   3-7 

The constant modulus algorithm has problems because it has local minima in 

the cost function which do not correspond to reduction of the ISI. The constant 

modulus equation 4.1 is not a simple quadratic Appendix1 so it would not be 

expected to have single minimum in its surface. Therefore if the stochastic 

gradient algorithm is used to search for its minimum point it can converge to a 

local minimum. The shape of the cost function for any modulation scheme is 

determined by the channel characteristics. Therefore we would expect that the 

CMA algorithm would not converge for every type of channel model. 

Ding in [1] states that “although the problem of blind equalization has been 

studied for over two decades, useful convergence analysis  have proven to be 

difficult to perform.”. The overall knowledge of the behaviours of most 

effective algorithms is still quite limited. Practical designs usually employ 

heuristic measures to improve the convergence characteristics”. 

Several references [1],[2] plot the CMA cost surfaces for various simple 

channel models these show the presence of local minima. 
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3.6 The decision directed mode of the equalizer 

 

Figure 3-3 Linear equalizer  in the decision directed mode 

Figure 3-3  is based on diagrams in [1],[3],and [6]. 

One example of a blind equalizer in operation is the trained equalizer which is 

in its decision directed mode. This is classified as a mode of blind equalization 

because as will be demonstrated this algorithm allows the equalizer to track 

changes in the channel without re-training, but it requires the majority of the 

symbol estimates at the output of the decision device are correct.  

 When the adaptive filter in the equalizer filter has converged either through its 

training algorithm or via the constant modulus algorithm most of the decisions 

at the equalizer output are correct this means that the output data can be used in 

place of the training data to guide the adaption process. This mode of operation 

is known as the decision directed mode. The decision directed algorithm is 

used to allow the equalizer to track variations in the channel characteristic. 
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For the case of a four level QAM signal that is used in this work the decision 

directed algorithm is shown below: 

)()()( ndestndeqoutne -=
   3-8      

mundeqneconjngng kk ).())(()()1( +=+  Equation 3-9 

Computer simulations in Figure 6-12 show the decision directed mode of 

operation  in use and its response to a step change in the notch frequency. The 

mean square error of the equalizer output is shown to increase sharply and then 

slowly reduce towards its previous value. The algorithm is able to track 

changes in the channel characteristic. Analysis of the convergence properties of 

the decision directed algorithm is complicated because it is non linear, the 

discussion in this text is limited to how it can be used in the tracking mode 

illustrated in Figure 6-12 . 
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3.7 The use of decision feedback with the constant modulus algorithm   

 

Figure 3-4CMA feed-forward and decision feedback equalizer combined  

Figure 3-4 is taken directly from [1], a variation on this architecture is 

investigated in section 5 see Figure 5-5. 

 The decision feedback equalizer is discussed at this point because some of the 

practical blind equalizers that are now being designed [1] use a combination of 

the CMA algorithm to control the feed forward filter and a decision feedback 

(DFE) equalizer. The author wanted to explore the combination of the feed-

forward filter using the CMA algorithm to achieve an initial equalization and 

then a decision feedback equalizer to further improve the equalization. In 

particular the author wanted to use a simple form of the decision directed 
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algorithm for the feedback architecture. The decision directed algorithm is 

simplified because it uses  only the sign of the ISI. The architecture is 

discussed further in section 5 and shown in Figure 5-5.This is believed to be a 

novel architecture and the author wanted to explore the performance of this 

particular combination of algorithms. 

An equalizer design using this approach was designed and simulated using the  

“scilab”  tool the results will be discussed in section 6.  

The decision feedback equalizer differs from the linear equalizer because the 

decision device is in the feedback loop. Intuitively if the majority of the 

decisions are correct then the output data can be used to update the equalizer 

coefficients .If the number of errors becomes larger than a certain threshold the 

data used to update the coefficients is incorrect and the equalizer can begin to 

create errors, this leads to the phenomenon of error propagation, [3] studies the 

problem of error propagation. 

Both the linear trained equalizer and constant modulus equalizer can be 

improved by the use of decision feedback.   The diagram Figure 3-4 shows 

CMA first stage used in conjunction with a DFE stage. In the implementation 

simulated here the CMA filter is used to decrease the ISI as in the previous 

examples but the decision device is replaced by a decision feedback equalizer 

stage. This diagram is based on the figure in [1]  but the design has been 

simplified in several ways.  

1) The feed forward stage alone is controlled by the CMA algorithm after the 

CMA algorithm has converged the decision feedback equalizer works alone 

with the feed forward stage being effectively frozen. This means the CMA 

algorithm is used to reduce the ISI as much as possible for the DFE stage.   
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2 )The decision feedback loop uses the decision directed algorithm, but uses 

only the sign of the ISI .This makes the DFE control very simple. 

At this point the decision feedback equalizer will discussed in general terms. 

When convergence has been achieved the output of the DFE equalizer can be 

expressed as:  

 Equation 3-10 

ffC are the coefficients of the feed-forward filter 

dfeC are the coefficients of  the decision feedback stage 

The update equation for the tap coefficients is derived in the same way as in 

the decision directed algorithm. The error is taken as the difference between 

the output of the decision device and the input of the decision .The loop is 

trying to force the input of the decision device as close as possible to the ideal 

value. The loop is non linear because of the presence of the decision device 

which is itself a non-linear element . [5] contains one of the original 

discussions of the decision feedback loop and shows its use in the equalization 

of transformer coupled coaxial cables. 

) ( ).( ) ( ).( ) ( 
11

l Cl n doutk C k n dinn dfeout
L

l 
dfe

K 

k 
ff �  �  

==

-  --= 
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4.0 Channel models 

Two contrasting channel models are used in order to look at the performance of 

the equalizers in different conditions.  

The multi path channel is the type of channel that may be observed in a 

microwave link. The characteristic gives rise to a deep notch in the frequency 

response of the channel.  

The second channel exhibit’s a pulse response which has an exponentially 

decaying characteristic with a decay time which may last for many symbols. 

This is the type of pulse response that would be seen when data is transmitted 

through a band limited channel. Neither channel model is a complete 

representation of any particular physical channel , but they have been chosen to 

show some of the main features of certain channels in that channel 1 show a 

deep notch of the type that can be produced by multi path interference. Channel 

2 shows an impulse response that is significant over several symbol intervals. 

This is the type of intersymbol interference that can be seen when data is 

transmitted at high data rates through a channel with low pass characteristics. 

The two channel models will now be reviewed briefly. 

4.1 The two and three ray channel models of  multipath distortion 

In a point-to-point communication system a signal can travel to the receiver via 

more than one path. This is due to reflections that create signals, which arrive 

at the receiver as a delayed, and phase shifted version of the original. Another 

mechanism is  atmospheric refraction which is due to changes in the refractive 

index of the air. 
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A simple model of the multi path channel is derived in [3] with references to 

experimental verification of the model. The model presented  is based on a 3 

ray model of the channel the 3 rays usually considered are the direct line of 

sight ray and two reflected rays. One of the reflected rays is considered to have 

very small delay so that it is coherent with the first ray and causes flat fading 

rather than frequency selective fading. The second ray is delayed by a 

significant interval and gives rise to frequency selective fading. The three ray 

model creates a channel which has the following impulse response. 

)]()([)( tf -¶-¶= tbetath j                  4-1 

Where a  is the constant flat fading attenuation factor, b represents the relative 

amplitude of the delayed signal to the line of sight signal,t is the delay of the 

echo and f  the arbitrary phase shift of the reflected ray )(t¶  is the  dirac 

impulse response. 

A simple interpretation of the equation above is that the channel impulse 

response is itself the sum of an impulse, which is weighted with a factor a 

followed by a second delayed impulse, which is weighted with a complex 

coefficient. If a signal is input to the channel then the result will be a 

convolution between the input signal and the above impulse response .Using 

impulse function convolution the overall result is the input signal added to a 

copy of itself, which is delayed and weighted with the complex coefficients in 

the above equation.  

For the purposes of this study the parameter a in 4-1 will be set to one. 

1=a                           4-2 

The model is usually referred to in [3] as the two-ray model. 
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I n the complete channel model all the above parameters vary with time. The 

change of channel characteristics with time is more significant in a moving 

receiver. For the purposes of this study it is assumed that the channel 

characteristics do not change with time during the transmission interval. 

Frequency response of multi path channel: 

The frequency response of the multi path channel can be easily derived from 

the impulse response in two steps using  

I) The Fourier transform of  the impulse response is related to the Fourier 

transform of a delayed signal: 

If the Fourier transform of a signal  

)()( wFtf >-  

Then the Fourier transform of the delayed signal is: 

)exp()()( wtwt ->-- Ftf 4-3 

2) Linearity property of the Fourier transform allows that the transforms of the 

direct ray and its delayed version can be added to produce the overall response. 

If fw p2= f is the frequency of the transmitted ray the time delay can be 

expressed in terms of the transmission frequency  

))(2exp(.1)(

))
2

(2exp(.1)(

))2(exp(.1)(

dffjbjwH

fjbjwH

or

fjbjwH

---=

---=

--=

pt
pt
f

pt

tpj

 

The zeros of the channel can be found from the condition when : 

b
jfj

jwH

1
)).(exp()2exp(

0)(

ftp =

=

. 
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The zeros are at:: 

,.....2,1,0,
21

..2.
-
+

-
+

=
+

+= n
n

jInbfj
t

pf
t

p  Equation 4-4 

 

This indicates a set of minimum at t
pn

f
2

=
.normally there is additional 

filtering which means the nulls at higher values of n are outside the  bandwidth 

of interest. The result then is a null or local minimum in the channel frequency 

response produced by the multipath interference.  

The impulse response of the channel can easily be converted to a sampled data 

version using the delay operator  z. 

ba jc

zczH

+=

+= - 1.11)(

 

In order to demonstrate the equalizers that will be discussed a suitable set of 

coefficients alpha and beta must be chosen which will provide a simple but 

realistic test. 

The distortion produced by the channel can cause significant error rate even in 

the absence of noise. In the case of a QAM signal the decision device has to 

decide which quadrant the received data symbol is in. This can be done by 

considering the real and imaginary components of the symbol separately. The 

decision device only has to decide if the magnitude of the real and imaginary 

component of the data  symbol is less than or greater than zero. The example 

shown in the figures below of a channel with a transfer function of 

( ) ].1
)2(

1[)( 1-+-= zj
sqrt

k
zH Equation 4-5 
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Equation 4-6 Channel model 1 transfer function k=0.5,0.85,0.95 corresponds to 

notch depths of 6dB,16dB,26dB 

 

 

 

 

Figure 4-1 Channel model 1 frequency response for k=0.5,0.85,0.95,notch depths of 

6dB,16dB,26dB 

4.2 Test channel 2 exponentially decaying impulse response channel 

Second channel model was also used to provide a comparison with the two-ray 

model.A channel, which has , lower level of peak ISI but in which the tails of 

the impulse response are longer. This type of impulse response can be 

exhibited by for example a twisted pair or a coaxial cable which is transformer 

coupled. [5] contains an example of such a channel. The impulse response 

below is based upon the transformer coupled co-axial cable impulse response 

contained in [5].The impulse response has a long trailing edge which goes 
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negative in this example, this type of channel  can exhibit decaying oscillatory 

behaviour. 

)]8(
32
1

)7(
16
1

),6(
8
1

),5(
8
1

),4(
4
1

),3(
2
1

),2(1),1(
2
1

[)( -¶--¶--¶--¶-¶-¶-¶-¶= nnnnnnnnnh  

Equation 4-7 

 

4-2 Impulse response for channel model2 



 - 30 

 30 

 

5.0 Equalizer Performance Prediction 

5.1 Theoretical optimum equalizer coefficients for the linear equalizer 

The purpose of this section is to calculate the filter coefficients which minimize 

the ISI generated by the channel model in order to give a measure of the 

theoretical performance that can be achieved by the equalizer. The values to 

which the simulations converge can then be compared to the calculated values. 

The equalizer coefficients are a function of the channel model and the channel 

noise. In order to explain the method of calculation the general model for an 

adaptive filter will now be reviewed. 

5.1.1 General adaptive filter  

�
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�

Figure 5-1 Adaptive filter block diagram �

With reference to Figure 5-1 if the input to the filter at sample n is din(n) and 

its output is dout(n) it is possible to define an error function, which gives the 

difference between dout(n) and the desired response desr(n).For the purposes 

of this discussion we assume that the filter output depends only on the previous 

inputs. That is it is a finite impulse response filter. Defining a set of filter 

coefficients g (k): 

�
-

=

-=
1

0

)().()(
L

k

kndinkgndout ��� Equation 5-1�

')]1().....2(),1(),0([ -= LggggG  is the column vector of the filter coefficients 

length L 
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5.1.2 The observation vector, the correlation matrix and the cross correlation 

matrix: 

If the input signal is observed for L samples then it is possible to store the 

observed data in a matrix this is called the observation matrix of the input data 

defined as a column vector Din. 

')]1().......2(),1(),([ +---= LndinndinndinndinDin                     Equation 5-2 

Where din(n) is the received signal sample. 

The observation matrix of the output data dout can be formed in a similar way. 

')]1().......2(),1(),([ +---= LndoutndoutndoutndoutDout  

Where dout(n) is the output of the filter defined as a column vector. 

 The input data observation vector can be used to form the correlation matrix 

by taking the expectation of the square matrix formed by the column vector 

Din   and the vector HDin the superscript H denotes the Hermitian transpose. 

That is the process of transposition and conjugation [2]. 

...
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=

=

rdinLrdinLrdin

rdinrdinrdinrdinrdin

rdinrdinrdinrdin

Lrdinrdinrdinrdin

ERdin

DinDinERdin H

 

       Equation 5-3 

A good discussion of the properties of the correlation matrix is given in [2] but 

here we will state two significant properties. 

1)The correlation matrix is always non negative and almost always positive 

definite [2]. 
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The implication of this will be discussed in a later section. 

2)The correlation matrix of a stationary discrete-time stochastic process is 

Hermitian.[2] 

This property refers to the symmetry in the correlation matrix. 

)()( * krdinkrdin =-  

This property is stated here to emphasize that the correlation matrix is highly 

structured and that the algorithms such as the gradient descent algorithm can be 

used to invert matrices, which contain these properties. 

Detailed discussion of these two properties of the correlation matrix and other 

properties is given in[2] 

The other matrix that can be formed from the observation matrix and the 

wanted response is the cross correlation vector which is formed by the cross 

correlation of the input data vector and the filter output. 

DoutDinrdoutin *=   

[1][2][6] show how the condition for the minimization of the least mean square 

criteria can be derived by differentiation of the error term with respect to the 

filter coefficients leading to the equation 

 DoutDinDinDininvGlms '**)'*(=               5-4 

Or alternatively as: 

RdoutRdininvGlms *)(=                                   5-5 

The proof will not be repeated here as it is covered in detail in the texts 

[2],[3],[6],[22],[23]. 

The Weiner criteria for the calculation of the filter coefficients will now be 

applied to the equalizer. 
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5.1.3 Calculation of the ideal equalizer coefficients 

The purpose of this section is to calculate the optimum coefficients for the filter when it is 

used to equalize the channel models given in the previous section. 

If a known sequence of data called a training signal is passed through the channel then the 

purpose of the equalizer is to make its output dout equal to the training signal 

DtrainDout =

               DtrainDinDinDininvGlms '**)'*(=  

For the purposes of the calculation of the filter coefficients Din can be taken as the impulse 

response of the channel and therefore Dout can be taken as an impulse response. 

)( TtDtrain -¶=  

HcDin =  

Where Hc is the impulse response of the channel 

)('**)'*( TtHcHcHcinvGlms -¶=        5-6 

The filter coefficients have been calculated using this equation for all of  the channel 

models and the results are shown in table Table 5-1.
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Channel Theoretical equalizer coefficients ISIin ISIe 
K=-0.5 0,0,0,0,0,1,0.35(1+j),0.25j,0.1(1+j),0,0 0.5 0.016 
K=- 0,0,0,0,0,1,0.6(1+i),0.72i,-0.43(1-i),- 0.85 0.374 
K=- 0,0,0,0,0,1,0.67(1+j),0.9,0.6(-1+j),- 0.95 0.73 

 Non minimum phase channel models   
K=1.5 -0.1,0.1(1-j)0.2,0.2(1+j),0.44j,0.47(- 1.5 0.1 
K=1.15 0.43j,0.35(1+j),0.57,- 1.15 0.43 
K=1.05 -0.75i,0.55(1- 1.05 0.75 

 Channel2   
 -0.056(-1+j),0.11(1-i),0.17(- 1.47 0.017 

 …0.6(1-i),0.07(-1+i),0.26(-   

Table 5-1 Linear equalizer  calculated coefficients for various channels in the absence of noise 

 

Note: ISI in is the ISI at the input to the equalizer, ISIe is the ISI at the output of the 

equalizer. 

The inherent ISI in the channel model and the equalized channel model has also been 

calculated and is shown in Table 5-1 as ISIin and ISIe. ISIin has been calculated by taking 

the RMS value of the sum of all the coefficients in the impulse response of the channel and 

subtracting one. ISIe was calculated by taking the RMS value of the sum of all the 

coefficients in the impulse response of the combined equalizer and channel coefficients. 

The example of the impulse response of channel1 k=0.85 and the response after 

equalization are plotted in Figure 5-4 .The plot shows that the output of the equalizer 

produces an impulse response with the second component  delayed and attenuated.  

The values of the equalizer channel coefficients give rise to the frequency response of the 

equalizer, which is plotted graphically below. 
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Figure 5-2 Equalizer calculated response in the frequency domian for channel model1 

K=0.5 has the lowest peak at the left hand side 

K=0.95 has the highest peak at the left hand side 

 In order to summarize the information in the above calculations it was decided to plot the 

predicted frequency response of the equalizer .This plot describes the information 

contained in the coefficients in a graphical form. Several qualitative points a can be made 

about Figure 5-2.For k=0.5 the graph appears to be good approximation to the inverse 

channel H(z),for k=0.85 the approximation still looks reasonable for k=0.95 the channel 

inverse is not well approximated. The equalizer is a linear filter which is a non recursive 

structure containing zeros and an eleventh order pole at the origin to ensure causality. 
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5.1.4 The effect of noise on the frequency response 

 

                                     ---------------x-axis-------------� f/(1000*fs) 

Figure 5-3 The calculated frequency response of  the linear equalizer for channel model 1k=0.85  a 

zero noise case highest peak 28dB and a noisy case lowest peak 19.5dB 

At this point it is worth emphasizing that the calculated response of the equalizer for the 

minimum mean square error criteria is dependant on the noise. This is because the 

correlation matrix contains the samples of the noise, successive samples of white noise are 

uncorrelated but the zero shift elements along the diagonal in Equation 5-3 will contain a 

measure of the noise power 2ns  the frequency response of the filter designed to optimise 

the LMS is effected by the noise as described in the equation 5-7 below[1][2][6]. 

oNwH

wH
wG

+
=

2
)(

)(
)(                     5-7 

)(
1

)(
wH

wGzf =                             5-8 
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H(w) is the channel frequency response, 

G(w) is the frequency response of the equalizer which fulfils the LMS criteria 

Gzf(w ) is the frequency response of the equalizer which fulfils  the zero forcing criteria 

oN is the power spectral density of the noise 

 The calculation was repeated for the case of the channel model1 with k=0.85 with added 

noise. The result is shown as a gain frequency plot in Figure 5-3 .This shows that the zero 

noise case has a higher peak than the S/N=10dB case. This graph has been included to 

show how the LMS criteria takes account of the estimated noise. The noise is estimated, in 

this case given, and added to the correlation matrix .Although successive noise samples are 

assumed to be uncorrelated , the zero shift component in the correlation matrix is finite,  it 

has the effect of pushing down the peaks of the equalizer response. 

5.1.5 The impulse response of the channel and the equalizer combined 

 

 

Figure 5-4 Calculated overall channel and equalizer response for channel1 k=0.85  

Note the channel impulse response has peaks at points 2 and 3 the equalized channel has at intervals  

11 and 17  
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It was decided at this point that channel1 k=0.85 was a good channel to use to illustrate 

certain properties of the equalizer because the ISI is strong enough to cause errors in the 

absence of noise . 

Another way of gaining insight into the operation of the equalizer is to study the way in 

which the equalizer modifies the impulse response of the channel. This will provide 

valuable insight for understanding the error rate predictions and the way in which a 

decision feedback register can be used to further reduce ISI. 

The impulse response of the equalized channel can be calculated by the convolution of the 

impulse response of the channel and the equalizer filter. 

The calculation will be carried for the case of channel1 k=0.85. 

)()()( thtgteqout Ä=  

)(tg is the equalizer impulse response 

)(th  is the channel impulse response 

)(teqout  is the combined channel and equalizer response 

)10()1(3.0

)9(52.0)9()1(43.0)8(72.0)7()(6.0)()(

Ttj

TtTtjTtjTtjTttg

-¶+-

-¶--¶---¶+-¶++-¶=
 

2

)()1(85.0
1)(

Ttj
th

-¶+
+=  

)17(377.0)11()( TtjTtteqout -¶+-¶= 5-9 

 Figure 5-4 shows the example of channel model1 with k=0.85 it shows the impulse 

response of the channel and the impulse response of the combined channel and equalizer. 

The channel model response is shown on the left hand side of the graphs it has peaks in its 

real and imaginary components at intervals 1 and 3.The equalized channel has peaks at 
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intervals 11 and 17, the peak at interval 17 is the residual ISI which smaller than the 

residual ISI from the unequalized channel model 1 k=0.85 which shows peaks in the real 

and imaginary response at interval 3. 

The overall effect is that the ISI has been reduced. 

5.1.6 Frequency response of the equalizer 

The frequency response of the equalized channel is important because it allows the signal 

to noise ratio to be calculated. The power spectrum of the equalizer channel can be 

calculated from the z transform [3],[6],[22]. 

The analysis below uses the substitutions Tjez w=  and the power theorem [31]. 
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The substitution  Tjez w=  is made in the above analysis [31]. 

 The signal to noise power ratio can be calculated by integrating the expression for the 

equalizer and multiplying it by the white noise power spectral density. 

]284.2[)(

)6sin754.0142.1()(
2

0

p

w
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o
jwT

o
jwT

NeP

dwTNeP

=

-= �
  

The signal to noise ratio of the equalized channel will be used to calculate the error rate of 

the equalized channel. At this point it is noted that the equalized channel has a higher 

signal to noise ratio than the channel which has not been subject to ISI . 
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5.2  Theoretical optimum equalizer coefficients for the decision feedback equalizer 

 

Figure 5-5 A blind decision feedback equalizer 

Figure 5-5 differs from the equalizers shown in [1],[3],and [6] , because it uses the decision 

directed algorithm in the decision feedback loop. 

At this point the theoretical performance of  a decision feedback equalizer will be 

discussed. The basic principle behind the DFE equalizer is to use the decisions already 

taken to eliminate the ISI. The equalizer is non linear because the decision device inside 

decision feedback loop is a non linear element. The particular form of the equalizer used 

here uses two algorithms and achieves equalization in two steps: 

1) The constant modulus algorithm is used to adapt the feed-forward filter. 

2) The decision directed form using only the sign of  the ISI is used to adapt the 

decision feedback filter.  
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This section will use a calculation of the optimum filter coefficients to look at the potential 

of the DFE equalizer. The analysis will apply to Figure 5-5 when the CMA and DD 

algorithms have converged.The general form of the equations for the decision feedback 

equalizer will now be discussed, based on the discussions in [2].  

)(ndest :the nth input to the data slicer 

)(ndff the nth output of the feed forward FIR filter 

)(ndfe :the nth output of the decision feedback filter 

From the diagram Figure 5-5 the input to the decision device or slicer is: 

)()()( ndfendffndest -=                                  5-10 

The outputs of the two FIR filters can be substituted into this expression 

Substituting )(ndff and )(ndfe  into 5-10 

dxr(n) :is the input to the equalizer  

g(n)    :are the feed-forward filter coefficients 

dfe(n) : are the decision feedback filter coefficients 

The Equation 5-11 below gives the input slicer                                                                                                            
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Equation 5-11 

For a sequence of outputs L the above expression can be expanded: 
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Equation 5-12 

For the purposes of calculating the dfe filter coefficients the first term on the right hand 

side of the above equation represents the impulse response of the channel and the feed 

forward filter combination.  

.For the purposes of the deterministic calculation the estimated values dest(n),  

dest(n+1)…are replaced by the wanted response which is the transmitted signal , in this 

case an impulse. 

The problem is then to select both the coefficients of the feed forward filter and the 

decision feedback filter. 

The method proposed in this discussion is to carry out the minimization in two steps. First  

the feed-forward filter coefficients are chosen as for the case of the linear equalizer using 

Equation4-6.This leaves a modified channel impulse response with ISI which is less severe 

than the original ISI. For the case of channel1k=0.85 the channel impulse response is as 

shown in Figure 6-2 
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Channel Theoretical equalizer dfe coefficients ISI ISIe 
K=-0.5 0,0,0,0,0,0,0,0,0,0,0 (residual ISI is snegligible) 0.5 Negligible 
K=-0.85 0,0,0,0,0,0,0,0.377i,0,0,0 0.8 Negligible 
K=-0.95 0,0,0,0,0,0,0,0.735i,0,0,0 0.9 Negligible 

 Non minimum phase channel models   
K=1.5 0,0,0,0,0,0,0,0,0,0,0  1.5 Negligible 
K=1.15 0,0,0,0,0,0,0,0,0,0,0  1.1 Negligible 
K=1.05 0,0,0,0,0,0,0,0.015i,0,0,0 1.0 Negligible 

 Channel2   
 0000000,0.1,-0.0599,0.0140.002 is negligible) 1.4 Negligible 

 

Table 5-2 DFE equalizer calculated filter coefficients for the feeedback register 

The filter coefficients shown in Table 5-2 show that the DFE equalizer is able to reduce the 

ISI to lower levels than attainable by the linear equalizer. The prediction has to be treated 

with some caution because it assumes that preceding symbols have been decoded correctly. 

This is assumption is rather paradoxical because if it was possible to decode symbols 

correctly there would be no need to use the DFE equalizer. A better interpretation is that if 

the error rate is low then there is likely to be sufficient time for the DFE equalizer to 

converge and to reduce the ISI and therefore reduce the probability of error further. If the 

error rate is higher than a certain level due to noise or then the decisions that are being fed 

back are incorrect this can result in errors being created by the DFE equalizer.  It can also 

result in a phenomenon of error propagation from which the loop will not recover [2]. 

5.3 Error Rate predictions 

The error rate of the communications system is of fundamental importance, the way in 

which the ISI affects the error rate will now be discussed and some simple predictions of 

error rate are made this is done in order to asses the effectiveness of the equalization 

techniques. 
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 If the channel is distortion free then the error rate is determined by the presence of noise. 

For the case of additive white Gaussian noise the predicted error rate for 4 level QAM is 

shown in [3]. This assumes a filter which is matched to the signal. The error rate for the 

QAM signal can be derived from the case of the bipolar binary signal the relevant 

equations are quoted below[31] .This tends to be a lower bound on the practically 

attainable figure because there are other influences on the signal as it passes through the 

communications link . 

 

Figure 5-6 Signal space representation for binary antipodal and QAM signal for probability of error 

calculation 

The probability of an error in a system which uses a simple nearest distance decision and 

two levels is given by 5-13 
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bE is the energy per symbol 

Noise is white with variance 
2

2 N
N =s , N is the noise power spectral density 

For the case of two signals which are orthogonal as in  the QAM signal shown in Figure 

5-6  the probability  of  an error can be calculated by treating the signals  independently. If 

the energy per symbol is bvE   

 If P(err4QAM) is the probability of error for a QAM signal. 

P(errIvector) is the probability of error in an I vector. 

P(errQvector) is the probability of error in an Q vector. 

Q is the area under the tail of the normal distribution . 

Q is related to the error function erfc(x) which is the area under the both sides of the tail of 

the normal  distribution Q(x)=0.5*erfc(x/sqrt(2)) [3]. 
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For low error rates when 1)( <<errbinaryP  

)(.2)4( errbinaryPQAMerrP =  



 - 47 

 47 

� ³-=

	
	



�
�
�



�
=

inf

1

2

01,)
2

exp()1(:

2
2)4(

x

bv

xdx
x

xQwhere

N

E
QQamErrP

                 5-14 

P(Err) -probability of error, bavE  /N- average signal to noise energy per symbol 

)(errIvectorP    probability of an error in the Ivector 

)(errQvectorP  probability of an error in the Qvector 

 5-14 is plotted in [3] and shows that for example a S/N of 10 dB/bit the error rate is 

~ 5104 -x . 

The presence of ISI can easily cause increases in the symbol error rate of a 

communications link if a simple nearest symbol decision device is used to decode the 

received signal, the effect of ISI on the error rate will now be discussed. 

5.3.1 Influence of ISI on the error rate 

The presence of  intersymbol interference will further increase the error rate over the 

expression in equation 3.1 because it has the effect of decreasing the  minimum distance 

between the symbols ,this in turn increases the probability of error in the presence of noise. 

The ISI can easily become the dominant effect in the error rate and the ISI can be greater 

than the minimum distance between symbols. When this happens   a simple minimum 

distance decision device will be unable to decode the output of the channel reliably. A 

simple example   will now be used to illustrate this problem .Consider channel model 1 

with k=0.85. 
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 Equation 5-15 
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Where din(n) is the channel input data sample n and do(n) is the channel output data at 

instant n so the output data sample n is effected by the previous data sample (n-1). 

The symbol set for 4 level QAM is shown in the table below: 
S1 1+j 
S2 1-j 
S3 -1+j 
S4 -1-j 

Table 5-3 Symbol set for 4 level QAM 

Consider symbol “s1” there are 4 possible symbols that can follow “s1” giving rise to 4 

possible received symbols and similarly for all the other symbols. Consider all four 

possible received symbols which can be generated after transmission of “s1” for the 

channel described by equation 3.2 

ds(n) ds(n-1) dr(n) symbol error 
S1 S1 +1.+2.2i No 
S1 S2 - 0.20 +i Yes 
S1 S3 +2.20+i No 
S1 S4 +1-0.20i Yes 

 

Table 5-4 Possible channel outputs generated by combinations of symbol S1 in 

sequence with other symbols the same chart can be drawn for S2,S3,S4 

dr(n) is source or transmitted symbol 

dr(n) is the received symbol or alternatively the channel output 

 Inspection of the Table 5-4 indicates that a sequence of “s1,s2” or “s1,s4” will generate an 

error even in the absence of noise. That means that the symbol error rate will be close to 

0.5. This is in the absence of noise. The error rate is dependant on the symbol sequence and 

the channel, in this example the error rate will be dominated by the occurrence of 

sequences. s1, s2 and s1, s4. That is 50% of the data sequences the same will be true of all 

the other two symbol combinations. This means that the zero noise error rate for the 

channel model 1 with k=0.85 is fifty percent.  
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The error rate of a channel with ISI depends on the data sequence and the signal to noise 

power. That is the error rate is the joint probability of the occurrence of a sequence and the 

probability that the noise is greater than the distance to the adjacent symbol, this is then 

summed over all possible sequences that are affected by the ISI [3]. 

5.3.2 The error rate of the equalized channel 

In order to gain insight into the error rate of an equalized channel it is worth examining the 

way that the signal to noise ratio is increased  when a channel is perfectly equalized [3]. 

 

Figure 5-7  The whitened noise model of a linear equalizer  

The above diagram shows the equalizer to be approximating the inverse of the channel as 

1/H(z) this could equally be an LMS approximation to the inverse channel. 

One complication for calculating the error rate of channels which have been equalized is 

that the noise at the input to the decision device has been filtered, it is no longer white it is 

correlated. 

This means that the assumption of additive Gaussian noise and the use of equations based 

on white noise are no longer valid. Equalizers can be designed to anticipate this problem 
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by the use of additional filtering which is designed to whiten the noise. This leads to the 

notion of a noise whitened matched filter and equalizer. The principle behind the noise 

whitened filter is shown in Figure 5-7  above. The noise at the input to the decision device 

is made white by shaping the noise power at the input to the equalizer itself. 

It is not the purpose of this discussion to analyze the design of the noise whitened matched 

filter [3].The purpose is to compare the performance and design of several equalizer 

algorithms. The point at this stage is to understand how the error rate of an equalized 

channel can be calculated and what the calculation refers to. Because the calculations make 

the assumption of white noise at the input to the decision device this assumption is only 

valid for the situation shown in Figure 5-7 .With this point in mind calculation of the 

theoretical error rates will be made below. 

5.4 Theoretical error rates for the equalized channels 

As a means of comparing different techniques the reduction in ISI is a good measure, but 

in order to perform a complete picture it is necessary to understand the relation between 

ISI reduction and symbol error rate. 

As seen in the diagram for the example of Table 5-4 channel model 1 with k=0.85 the error 

distance derr is decreased by the ISI the equalization then increases the distance to an error. 

The probability of error can then be estimated from the knowledge of the distance derr and 

the noise energy. The problem with this approach is that the noise is no longer white so the 

Gaussian statistics cannot be applied directly. 

 

Proaksis [3] gives a method for taking account of the non white noise. The purpose of this 

dissertation is to compare the performance of  blind and trained equalizer methods. The 

situation for all the equalizers will be the same so this point will not be taken further. 
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Two scenarios will now be discussed one is the limiting case of the error rate which can  be 

achieved if a linear equalizer is able to reduce the ISI to zero, the other is the more 

practical case of the error rate of a practical length of  equalizer. 

5.4.1 Error rate of an infinite linear equalizer. 

If the equalizer has an infinite length the ISI can be reduced to zero. The signal to noise 

ratio is changed by the resulting signal to noise ratio obtained by an infinite length linear 

equalizer can be calculated from the channel coefficients as in  [3] : 
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As an example the normalized signal to noise ratio of channel model 1 can be calculated 

from the channel model coefficients..  
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¥g  is the normalized signal to noise ratio of the equalized channel 

This equation shows how the channel coefficients determine the limits to the signal to 

noise ratio of the equalized channel. 

The infinite length condition means that the zero ISI condition is achieved but with an 

increase in signal to noise ratio. The zero ISI condition allows the equation for symbol 

error rate repeated below to be used where the signal to noise ratio 
N

Ebv  can be replaced by 

the equalized signal to noise ration ¥g : 
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The above reasoning only holds for conditions of  perfect equalization, that is where the 

ISI has been reduced to zero but at the cost of an increased signal to noise ratio. The 

section below discusses the situation for more realistic finite length equalizers. 
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Error rates for an infinitely long linear equalizer  
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Figure 5-8Calculated error rates for an infinitely long equalizer channel model1 

5.4.2 The error rate for an equalizer of finite length 

The discussion above calculates the error rates after the ISI has been minimized by an 

infinitely long equalizer. The more practical case is when the equalizer is not able to 

reduce the ISI to zero and there is still a significant amount of ISI at the output. As shown 

previously the ISI is dependant on the data sequence as well as the signal to noise ratio. 

For a channel of finite length L, the ISI at the output of the channel will be fixed for each 

data sequence. 

For any symbol sequence the probability of error can be calculated for a given equalizer 

assuming the filter coefficients have converged to the MSE solution. 

For example, for channel model1 it is possible to calculate all possible channel outputs in 

the absence of noise. Because the channel model1 is only two symbols long the total 

number of possible outputs from the channel model1 for the QAM symbol set is 24 =16. 

However, when the equalizer is added, for example a 1 tap equalizer, it is necessary to 

consider the combined effect of the channel and the equalizer. The complexity of the 

calculation becomes greater. The 11 tap equalizer in conjunction with channel model1 will 
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produce a combined length of 13 symbols and  if this is taken to the power of  4 will 

produce 28561 states. 

A more approximate calculation can be performed which will lead to insight into the way 

that errors are reduced by the equalizer. As discussed previously the worse case 

combination of symbols for the channel1 model is s1,s2. This in turn produces the symbol 

which is closest to the edge of the valid quadrant . 

It is instructive to show the effect of the equalizer on this particular symbol and then use it 

to predict the error probability. There are 4^8 possible combinations of states that should 

be computed in order to see which states produce the lowest noise margin at the output of 

the equalizer. 

din(n) din(n-7) deo(n) symbol error 
S1 S1 0.52+1.48.i No 
S1 S2 1.48+1.48i No 
S1 S3 0.52+0.52i No 
S1 S4 1.48+0.52i No 

Table 5-5 Linear equalizer channel 1 k=0.85 response to signal sequences S1, S2,S3,S4 in 

the absence of noise 

The effect of  the linear equalizer response for channel 1 k=0.85 is to replace the  channel 

response: 
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)1.(

)2(
85.0

)1(*)()(

j
sqrt

k

ndinKndinndo

+=

-+=

 

With the equalized channel response: 
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The result is that the equalized channel has no errors in the absence of noise Table 5-5. 
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The table indicates that all sequences are error free in the absence of noise but the noise 

margins are reduced for all sequences (S1,S1),(S1,S3),(S1,S4). If all sequences are equally 

probable then the error rate will be dominated by the 3 quarters of the data sequences 

which will have a noise margin which is dominated by the shortest distance to the next 

symbol quadrant which is 0.52. 

 

Figure 5-9 Signal constellation for the noiseless unequalized data output of channel 1 k=0.85  

Note the symbols shown as the diamonds instead of crosses these are all due to the 

sequences in Table 5-4 which are all symbols s1=1+j which have been effected by ISI . 
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Figure 5-10 Signal constellation for the noiseless equalized data output of  channel 1k=0.85 

The error rate of the equalized channel1 k=0.85 will be dominated by the sequences which 

give the shortest distance to the next symbol after equalization. Observation of the figure 

13 shows that the error rate will be dominated by 12 of the 16 symbols that can be 

observed at the output. 

Taking symbols in quadrant 1 the following can be stated. 

For any received symbol the probability of  an error free transmission is. 

)1)(1()( torPerrorQvectorPerrorIveccorrectP --=  

)(correctP is the probability that the symbol decision is correct 

torPerrorIvec  is the probability that the decision of the Ivector component is correct. 

torPerrorQvec  is the probability that the decision of the Ivector component is correct. 

The information in the diagram shows that the I and Q vectors now have two levels. So the 

probability of error in the lower level signal is greater than the probability of error for the 

higher signal. 

In order to calculate the probability of error the symbol set in  Figure 5-10 canbe expressed 

as the sum of  four vectors they are termed: 
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orlowerIvect , torhigherIvec , orlowerQvect torhigherQvec .The probability of  a correct 

decision in each of these vectors is 

)( torIsCorreclowerIvectP , )( torIsCorreclowerIvectP , )( torIsCorreclowerQvectP

)( torIsCorreclowerQvectP  

The energy in each of the high and low vectors is ElEh,   

The amplitude of each of the high and low vectors is vlvh,  

This means that the probability for a correct decision in both the lower and upper levels is: 
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Figure 5-11 The theoretical error rate for linear equalizer length 11 channel model1 k=0.85 

5.4.3 Decision feedback equalizer 

The decision feedback equalizer error rate can be calculated as in [3] ,this assumes that the 

symbols that are fed back are free from errors. 

For the channels chosen it should be possible for the DFE equalizer to theoretically reduce 

the ISI to very low levels Table 5-2 . 

 The Jmin can be expressed in terms of the spectral characteristics of the channel [3] 
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The output SNR after equalization is then: 
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¥g  is the signal to noise ratio for a channel equalized by an infinite linear equalizer 

This means that there is a  3dB degradation in S/N ratio . 

The probability of error can now be calculated on the assumption that the ISI has been 

made negligible, there is no error propagation, the filters are of infinite length. 
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Figure 5-12 Calculated symbol Error rate for the DFE equalizer  

For the channels that are being considered here the DFE equalizer has which are explained 

in appendix1.The cost surface created by the constant modulus algorithm has local 

minimum. 

 The existence of local minimum can be explained in principle as follows.[1] defines the 

mean cost  for the constant modulus algorithm as )(qJ  : 

])}[({~)( kdinEJ yq  

The cost function penalizes any deviation from been shown to be capable of reducing the 

ISI to very low values. The factors which limit the performance of the blind equalizer 

algorithms are likely to be the convergence issues which will now be discussed. 

5.5 Convergence of the algorithms 

The above discussion has assumed that the equalizers are able to converge to calculated 

criteria. 
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The gradient descent algorithm is one of a class of algorithms  which can be used to invert 

certain types of matrix as discussed in appendix1. 

The cost function for a constant modulus algorithm is shown below. 
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into 224 )4)(.2)((
4
1

])[( +-= ndeqndeqndeqy        5-17 will produce a fourth order equation 

in L variables because there are L independent filter coefficients. The fourth order 

polynomial will not in general have a single global minimum. The gradient descent 

algorithm can therefore converge to a local minimum. In order to illustrate this in 

3dimensions the cost functions for a two tap equalizer and a channel are shown in [26][27], 

where they are shown to have local minimum.  

Convergence of the blind DFE equalizer . 

Raúl Casas, in ``Blind Adaptive Decision Feedback Equalization: A Class of Bad 

Channels," MS Thesis, Cornell University, Ithaca, NY, August 1996. [34]  in the 

introduction states the following: 

“One of the major areas lacking understanding of the behaviour of a DFE is in the blind 

adaptation of its equalizer parameters. Due to the inherent complexities of this nonlinear 
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stochastic system, little is known about the convergence properties of adaptive algorithms, 

like the decision-directed algorithm, when used to blindly update a DFE.” 

 Given the complexity of the blind DFE equalizer cost surface and although little is known 

about this it is almost certainly multi modal no analysis is attempted in this thesis. As 

stated previously the DFE equalizer is used with a protocol which is able to detect bad 

convergence and re initialize the algorithm. Bad convergence is the main problem facing 

the use of blind DFE equalizers, it is difficult to analyse and for this reason simulation is 

often used to demonstrate convergence only for specific channel types. 
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6.0 Computer Simulation of the Equalizers 

6.1.1 Simulation method 

The algorithms were coded in and simulated using the  “SCILAB”  software. The 

simulation results shown here are like any set of simulations results only able to show the 

capabilities of the equalizers under very specific conditions. This was done to ensure that 

the algorithms had been understood and to demonstrate the basic operation of the 

equalizer. A trained equalizer and a blind equalizer based on the CMA algorithm were 

implemented in software for simulation purposes. Appendix 1 contains the programme 

listings and explanations. In order to demonstrate the bit error rate with relatively short 

simulation sets the simulations results have fairly high noise levels and high symbol error 

rates. 
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6.2 Simulation results 

6.2.1 Trained equalizer signal constellation and convergence results 

 

Figure 6-1 Unequalized received data channel model1 notch depth 6dB S/N 10dB 

 

Figure 6-2 Trained equalizer equalized data channel 1 notch depth 6dB S/N10dB 
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Figure 6-3 Trained equalizer convergence channel 1 notch depth 26dB and 6dB,S/N=40dB 

The upper trace is for the 26dB case the lower trace is for the 6db case 
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6.2.2  Blind Equalizer signal constellation and convergence examples 

 

Figure 6-4 Unequalized received data channel 1 notch depth 6dB S/N 10dB 

 

 

Figure 6-5 CMA blind equalizer equalized data channel 1 notch depth 6dB S/N10dB 
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Figure 6-6CMA blind algorithm convergence mean square error vs symbol  for two cases 

notch depth 6dB and 26dB S/N=10dB 

The upper trace is for the 26dB case the lower trace is for the 6db case the mean square 

error was obtained by taking the ensemble average over 10 simulation runs. 

6.2.3 Symbol error rate simulations 

 Trained equalizer with the channel 1 model for notch depths 6,16,26dB and S/N levels 0 to 

40dB. The symbol error rate was measured over 10,000 symbols .This means that error rates 

of greater than 1 in 1000 should be ignored because there is insufficient data to obtain 

accurate results. 

The reason that the error rate was not measured over greater than 10,000 symbols was due to 

the long times needed to perform the simulations on the available computer. The error rates 

considered are high for data communications networks. 
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Trained equalizer channel model1 error rate vs S/Nd B
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Figure 6-7 Trained equalizer channel model1 error rate vs S/NdB 

CMA and trained equalizer error rate vs S/NdB
 channel model2
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Figure 6-8 CMA and trained algorithm error rate vs S/N channel model 2 
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CMA equalizer channel model1 error rate vs S/NdB

0.00001

0.0001

0.001

0.01

0.1

1

0 10 20 30 40

S/N dB

E
rr

or
 r

at
e

CMA equalizer k=.95

CMA equalizer k=.85

CMA equalizer k=.5

Unequalized k=.5

Unequalized k=.95

Unequalisedk=.85

 

Figure 6-9CMA algorithm blind equalizer error rate vs S/N channel model 1 statistics measured over 

10000 symbols. 

6.2.4 Trained and blind equalizer frequency responses 

 

Figure 6-101Trained algorithm frequency response of the channel notch depth =16dB and the 

equalized channel 
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Figure 6-11 CMA algorithm frequency response of the channel notch depth =16dB and the 

equalized channel 

In Figure 7.2-22 Channel response has the deepest notch, the equalizer response shows a 

gain which reduces the depth of the notch. 

6.2.5 Decision directed equalizer response to a step change in notch frequency of 0.1*fs 
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Figure 6-12   Equalizer tracking a step change in the notch frequency instantaneous error vs 

symbol number 

           Nb frequency change of notch is pi/10 radians 

 h=[1 -(0.5/sqrt(2))*(1+j)*exp(j*pi/10)]; 

 After 1000 symbols the equalizer is switched from the constant modulus algorithm to the 

decision directed algorithm after 2500 symbols the channel notch frequency is changed 

instantaneously by  the equalizer is seen to track the change by minimizing the error 

 

 

Figure 6-13Received unequalized data channel2 S/N=20dB 
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Figure 6-14 Trained equalizer algorithm signal constellation channel model2 S/N=20dB 

 

 

 

Figure 6-15CMA equalizer algorithm signal constellation channel model2 S/N=20dB 
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6.2.6 Combined CMA and DFE equalizer simulations 

 

 

Figure 6-16 A CMA based blind equalizer using a decision feedback loop 

  Both the linear trained equalizer and constant modulus equalizer can be improved by the 

use of decision feedback.   The diagram Figure 6-19 shows CMA first stage used in 

conjunction with a DFE stage. In the implementation simulated here the CMA filter is used 

to decrease the ISI as in the previous examples but the decision device is replaced by a 

decision feedback equalizer stage. This diagram is based on the fig in [1] but the 

implementation has been simplified in several ways  
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6.2.7 CMA-DFE implementation used in the simulation study 

i)The feed forward stage alone is controlled by the CMA algorithm after the CMA 

algorithm has converged the decision feedback equalizer works alone with the feed-

forward stage being effectively frozen. This means the CMA algorithm is used to open the 

eye as much as possible for the DFE stage. 

ii)The update equation for the tap coefficients is derived in the same way as in the decision 

directed algorithm. The error is taken as the difference between the output of the decision 

device and the input of the decision .In order to simplify the operation as much as possible 

only the sign of  the decision error is fed back. Ref(7) states that this is common practice 

and was used in this experiment in order to simplify the algorithm as much as possible.  

  Decision feedback works by using the decoded symbols as inputs to an FIR filter which is 

used in a feedback loop to further reduce the ISI present in the output of the feed forward 

filter. 

The output of the DFE equalizer can be expressed as:  

)().()().()(
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==
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Where the ffC  is the feed forward filter section filter coefficient 

dfeC  are the decision feedback coefficients, 

” destout”are the estimated symbols at the output of  the decision feedback stage 

The loop is non linear because of the presence of the decision device which is itself non 

linear. Ref[5] contains one of the original discussions of the decision feedback loop and 

shows its use in the equalization of transformer coupled coaxial cables. 
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The DFE is prone to error propagation, if incorrect symbols are fed back it is possible for 

the DFE to get locked into a mode in which it generate errors continuously and [3] contains 

analysis of the DFE equalizer. In order to prevent error propagation the DFE equalizer is 

reset periodically. 

 

Figure 6-17 CMA signal constellation feed-forward section equalizer channel model 1 notch 

depth=26dB S/N=20dB 
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Figure 6-18 CMA-DFE signal constellation for a CMA-DFE section the decision feedback 

stage signal constellation prior to the decision point 

CMA_DFE, trained and CMA symbol error rate vs 
S/NdB channel model 1  k=0.95

0.00001

0.0001

0.001

0.01

0.1

1

0 10 20 30 40

S/NdB

E
rr

or
 r

at
e cma_dfe k=0.95

cma k=0.95

trained k=0.95

 

Figure 6-19  DFE equalizer with a CMA based feed forward stage showing the improvement that can 

be obtained with the DFE stage channel model1 

Note Trained implies trained linear equalizer 
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6.2.8 Summary of the simulation exercises 

The energy in each channel model was not normalised this was no thought necessary 

because the simulations are intended to compare the equalizer methods. 

Trained equalizer signal constellation plots 

Observation of  Figure 6-1,Figure 6-2 show that the signal constellation is much more 

closely focused after equalization than for the unequalized case. 

Trained equalizer convergence simulations 

Observation of Figure 6-3 show that the equalizer converges much more accurately in 

the case of the 6dB notch than in the case of the 26dB notch. The level of ISI is much 

greater in the case of the 26dB notch resulting in higher residual ISI after equalization. 

CMA equalizer signal constellation plots 

Observation of Figure 6-5 shows that the signal constellation is much more closely 

focused after equalization than for the unequalized case. 

 

CMA equalizer convergence simulations 

Observation of  Figure 6-6 show that the convergence is more inaccurate for the deeper 

notch. In the case of the deep notch the convergence is much less accurate for the CMA 

algorithm than for the trained algorithm. 
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6.2.9 Symbol Error Rate Simulations 

Trained Equalizer Symbol Error Rate Simulations 

Trained equalizer eymbol error rate simulations channel model1 

Observation: In order to summarize the information in  Figure 6-7 . The 0.001 error rate 

is used as a simple measure of the performance. The S/NdB required for each channel to 

achieve this is shown below. This can be compared with the same data from the Blind 

equalizer simulation in the table that follows. 

The S/Ndb ratio for the CMA equalizer to achieve the error rate of 0.001 is greater by 

between 1 to 4dB .The difference is greater for the channel with more severe ISI. 

S/NdB Channel Model1 K ErrorRate 

11 0.5 0.001 

16 0.85 0.001 

18 0.95 0.001 

 

 

CMA Equalizer symbol error rate simulations channel model1  

In order to summarize the information in Figure 6-9. The 0.001 error rate is used as a simple 

measure of the performance. The S/NdB required for each channel to achieve this is shown 

below. This can be compared with the same data from the trained equalizer simulation. 
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S/NdB Channel Model 1 ErrorRate 

10 0.5 0.001 

14 0.85 0.001 

22 0.95 0.001 
 

Conclusion: The symbol error rate simulations for channel model1 show that the trained 

equalizer performs with a lower error rate than the CMA equalizer, the superiority of the 

trained equalizer is not so great when the ISI is lower and the S/NdB is higher. The S/Ndb 

ratio for the CMA equalizer to achieve the error rate of 0.001 is greater by between 1 to 

4dB .The difference is greater for the channel with more sever ISI. 

Symbol Error rate simulations for Channel 2 

In order to summarize the information in Error! Reference source not found.. The 0.001 

error rate is used as a simple measure of the performance. The S/NdB required for each 

channel to achieve this is shown below. This can be compared with the same data from the 

trained equalizer simulation of channel2. The trained equalizer shows a slightly lower Error 

rate than the CMA 



 - 79 

 79 

 

Frequency response of the equalizers  

: Observation of Figure 6-10,Figure 6-11 show that the trained and the CMA are similar  

but the CMA has more gain in the region of the notch this mean as that it will amplify 

noise more than the trained linear equalizer, this results in an increase in the signal to 

noise ratio. 

Decision directed algorithm 

Observation of Figure 6-12 shows that the decision directed algorithm is able to follow 

the change in the notch frequency of the channel. 
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Combined CMA and DFE algorithm 

Signal Constellation plots: 

Observation of Figure 6-17, Figure 6-18 shows that  the DFE loop focuses the signal 

constellation much more tightly than the CMA feed forward is able to do. 

Symbol Error Rate Plots 

Observation of Figure 6-19 Channel model 1 k=0.95 for S/N greater than 10dB the DFE 

loop improves the error rate significantly and is the best of the equalizers considered 

here. For S/N less than 10dB the performance of the CMA-DFE equalizer degrades 

rapidly probably due to a combination of error propagation and convergence problems. 
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7.0  Conclusions 

The simulations are for the case of specific simple channel models that do not vary with 

time during the transmission interval considered. The error rate statistics are taken over 

10,000 symbols therefore error rates below 1 in 1000 cannot be measured with any 

confidence. For this reason when observing the error plots, error rates below 0.001 should 

not be considered.  

1) In terms of severity of ISI channel model 1 with k=0.85, notch depth=16dB and 

channel model1 with  K=0.95, notch depth=26dB. are the most difficult channels to 

equalize. This is because the peak levels of ISI are the greatest in these two channels 

although channel 2 has a longer impulse response making the unequalized signal 

constellation diagram look more chaotic but this does not mean that it is harder to 

equalize. As shown in  Figure 6-4 both equalizers are able to equalize  channel2 more 

accurately.  

 2) The error rate simulations show that the trained and blind equalizer are successful in 

improving  the error rate over an unequalized channel for both of the channel models 

that were considered here. This can be seen clearly in the plots in figures 6.2-7 to 6.2-9.  

 3) The trained equalizer obtains lower error rates than the CMA equalizer .When the 

channel ISI is severe and the signal to noise ratios are low the trained equalizer 

performs   significantly better than the blind equalization. When the ISI is lower and the 

signal to noise ratio is higher the advantage of the trained equalizer is less. 

In order to summarize the information in the error rate simulations the signal to noise ratio 

for a 0.001 error rate was read from the error rate simulations and is shown below. 
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Erro K S/N S/N
0.00 0.5 10d 12d
0.00 0.85 15d 18d
0.00 0.95 16d 26d

Table 7-1 The CMA and trained equalizer error rate summary for channel model 1 

A possible explanation for the results in Table3 is that the CMA algorithm tends to 

converge toward a zero ISI point [1] this is the same as the zero forcing equalizer. This 

means that the equalizer converges to ward the exact channel inverse implying that any 

deep nulls in the frequency response will result in high peaks in the equalizer frequency 

response giving noise amplification. The trained equalizer converges toward a minimum 

mean square error condition. Observation of the frequency responses of the equalizers in 

Figure 6-11   shows the CMA equalizer does maintain a higher peak gain 

Over the notch than the trained equalizer in Figure 6-9 

For channel 2 the equalizer performances are similar at 17dB.  

3) For the channels models used here the constant modulus algorithm converges toward 

minimum which reduce the ISI substantially. In [10][11] it is shown that convergence to 

local minima is more likely to occur when the equalizer has large tap weights concentrated 

near either end of the of the coefficient vector. For this reason “centre spike initialization”  

which sets the tap centre as the only non zero initial parameter were recommended. This 

was used in the algorithms demonstrated here. 

5) Due to the natures of the CMA cost function the convergence problems are possibility. 

The algorithm should always be supplemented with a means of monitoring the 

convergence and if necessary re initialization.  

4) An architecture based on a CMA feed-forward stage followed by a DFE stage improves 

the signal constellation and the symbol error rate of the blind equalizer. The same would be 



 - 83 

 83 

true of the trained equalizer but this was not simulated. The objective was to show that the 

DFE stage can be used with a CMA stage to make a better equalizer.  

7.1.1 Summary of the conclusions 

In comparing the performance of the equalizer algorithms the error rate of the equalized 

channel is the most important criteria. Convergence is necessary to produce a low error 

rate but as discussed all the blind algorithms considered here should be used with a means 

of detecting bad convergence and re initializing the equalizer from a different start point. 

The convergence characteristics of  each of the equalizers depend on the characteristics of 

the channel. Convergence is difficult to explore completely in simulation especially for 

more complex channel models. Mathematical arguments can show that the algorithms have 

cost functions which local minima. Trained equalizer is globally convergent so this is one 

distinguishing characteristics of the trained equalizer. 

In order to summarize the performance comparison of the equalizers into a single graph. 

Figure 6-19 is repeated below.  

CMA_DFE, trained and CMA symbol error rate vs 
S/NdB channel model 1  k=0.95
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Figure 7-1Comparison of the CMA-DFE, trained linear and CMA linear equalizer 

 The above work has shown that for channel model1 k=0.95 for S/N greater than 10dB the 

DFE loop improves the error rate significantly and is the best of the equalizer considered 
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here. For S/N less than 10dB the performance of the CMA-DFE equalizer degrades rapidly 

probably due to a combination of error propagation and convergence problems. 

The calculated error rates for the ideal equalizers were done in order to gain a deeper  

insight into the equalizer algorithms and to check the simulations. 

The following error rate predictions were made 

1)For a linear of equalizer of infinite length and S/N of 10dB channel 1 k=0.85 The symbol 

error rate was calculated to be 0.001 Figure 5-8. 

2)For an 11 tap equalizer S/N of 10dB channel 1 k=0.85 . The symbol error rate was 

calculated to be 0.003. 

3)For an ideal DFE with an infinite length feed-forward the decision feedback equalizer 

S/N of 10dB channel 1 k=0.85. The symbol error rate was calculated to be 4105 -´ . 

The simulation results are consistent with the error rate predictions and theoretical 

calculations in that they predict the trends. The energy of the channel models was not 

normalised during simulations, this was an oversight in that it does make it difficult to 

compare  the severity of the channels themselves. This does not prevent the comparison of 

the equalizer algorithms being made because all the algorithms are functioning under the 

same conditions.. The types of channel considered here are generally well behaved and do 

not give the algorithms significant convergence problems at signal to noise levels above 

10dB.At signal to noise levels below 10dB the blind equalizers both CMA linear and 

CMA-DFE equalizer degrades rapidly but as can be seen in Figure 7-1  the trained 

equalizer maintains a more predictable degradation.. The performance of the maximum 

likelihood sequence estimator  MLSE is superior to any of the equalizers discussed here 

[3]. The MLSE equalizer is more complex and the DFE equalizer is a good compromise 
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between performance and complexity. Blind equalization can be used when a training 

signal is not available. 

. This work has concentrated on equalization algorithms normally the received signal is an 

analogue signal and the signal processing will be done digitally. This requires the design of 

an analogue to digital converter which can be complex especially at high speed. The issue 

of imperfect analogue to digital conversion and quantisation noise has not been considered. 

The effect of the quantisation noise on the algorithms would be a good subject for further 

study. 
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Management of the Project 

The project was undertaken outside of  the work place and with a single participant , the 

author. 

There were no people to be managed. In order to eliminate any issues of confidentiality 

between the employer and the employee the topic was carefully chosen not to overlap the 

author’s current field of work but rather to explore a new topic. The anticipated time 

schedule slipped by two months compared to that given in the interim report. 

1) Time allocated to the project 

All of the work was done outside of working hours and with family commitments this 

meant spending small amounts of time 1 to 2 hours every day on the project. The 

fragmented time is not a great problem in the early stages when exploring a new topic. 

During the latter stages when it is necessary to write the project up and to carry out 

simulations and gather data the fragmented time was a disadvantage. The author needed to 

be able to spend longer periods of time without interruption. 

This meant that the personal schedules had to be changed and whole days during the 

weekend were set aside. 

2) Employers work load 

The work load placed on the author was higher that anticipated resulting in a certain 

amount of fatigue. There was a period of unemployment March 2005 which the author 

initially thought would release time to work on finishing the project. This was a mistaken 

assumption because during the period leading up to and following unemployment the 

pressure of looking for a job was found to be very distracting. 

Positive Benefits of being an independent student 
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The positive aspect of carrying out the project without an industrial sponsor is that it gives 

a great deal of freedom in choosing the topic. The educational benefits are considered by 

the author to be very good the increased breadth of knowledge has been beneficial in the 

work place. 

 

8.0 Glossary of terms and symbols  
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Table 8-1Glossary of terms and symbols 

 

Symbol Definition 
HA  Hermitian transpose of the matrix A 

C Channel capacity 

ffC  Filter coefficients for the feed forward stage of  the DFE equalizer 

dfeC  Filter coefficients for the feedback stage of  the DFE equalizer 

sD
~

 Input symbol matrix SIMO model 

G(z) Equalizer linear filter z domain response 
G(k) Filter coefficients for the linear equalizer 
H(z) Channel z domain response 
H(k) Filter coefficients for the channel model 
L Length of the channel memory in symbols 
M Size of  the symbol alphabet 

mN  Number of metrics computed by the viterbi algorithm 

avP    Average powe r 

 P(Err)  Probability of error  
)(errIvectorP  Probability of an error in the Ivector 

 
( errQvectorP Probability of an error in the Qvector 

 

uR  The output correlation SIMO model 

sR  Over sampling ratio 

SIMO Single input multi output (over sampled) channel model 

nU
~

 Received signal matrix SIMO model 

nV
~

 Noise matrix SIMO model 

A Flat fading constant in the Rummler model 
B Relative amplitude of the delayed signal to the line of sight signal 

in the Rummler model 
deq(n) Equalizer output 
dest(n) Data slicer output 
ds(n) Source symbol  

vn(n) Noise sample 

ISIin The ISI of the signal at the input to the equalizer 

ISIe The ISI of the signal at the output of the equalizer 

()y  Equalizer cost function 

)(t¶  
Dirac delta pulse 
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10.0 Appendix1 Gradient Descent algorithm 

The gradient descent algorithm and the stochastic gradient descent algorithm will now be 

discussed as methods of solving equations, this is done in order to clarify where they can 

be applied and where they can fail. This gives a better insight into the meaning of a cost 

function and why the CMA algorithm can exhibit convergence problems. 

The algorithms are discussed at this point and will be only stated in the subsequent 

sections. This is so that the basic mathematics is understood before it is applied to the 

specific case of the adaptive filter.. This discussion is carried out at this point because 

although the algorithms are simple to implement and to state formal proofs that the 

algorithms work are more involved. The algorithms are often stated without proof or 

justification ,they are particularly useful in adaptive filter design because the matrices 

which give rise to the linear equations the need to be solved in particular the correlation 

matrices are highly structured. 

The LMS algorithms are applied in the adaptive filter application in both the trained and 

the blind equalizer .A discussion of the mathematics underlying the gradient descent 

algorithm will now be carried out. 

10.1.1 The method of maximum descent 

The method of steepest descent is a deterministic algorithm it is discussed here as a prelude 

to the discussion of the stochastic gradient algorithm. The stochastic gradient algorithm 

uses an estimate to the gradient of the quadratic surface as opposed to the exact formula. 

The conjugate gradient algorithm is a method of solving the system of linear equations of 

the type shown below. 

                          bAx =                 Equation 10-1   

 Where x is an unknown vector of n rows , b is a known vector of n rows and A is an n by 

n square matrix which is symmetric and positive definite. 
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Positive definite means that the condition below is fulfilled: 

0>TT Axx                                         Equation 10-2 

This has particular reference to adaptive filters because the correlation matrix of a signal is 

positive definite. 

In general terms the gradient descent algorithm finds the minimum of a quadratic surface 

of the form 

cbAxxxf
T

T +-=
2
1

)(

…………… Equation 10-3 

Differentiating the above equation see appendix 1 

bAxxAxf T -+=
2
1

2
1

)('                            Equation 10-4 

If A is symmetric this means that  

AAT =                                           Equation 10-5 

The equation reduces to: 

bAxxf -=)('                              Equation 10-6 

Further if  A is positive definite then the solution is a minimum point on the surface. 

The method of steepest descent is really a method of finding the minimum of a quadratic 

surface. When the matrix is symmetric and positive definite. The minimum of the 

quadratic surface is also solution to the set of linear equations as discussed above so if 

there is a method of finding the minimum of the quadratic surface it will also find the 

solution to the set of linear equations. 

Before explaining the algorithm in detail we will define three quantities 

i) “the step direction” 
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This is the gradient in the direction of steepest descent downwards 

)()(' bAxxf --=-                   Equation 10-7 

ii)“The error” 

The error between the present point on the surface and the solution 

xnxie -= )()(  

iii)“The residual” 

Which is a measure of how far the present point is away from b  

)(.)( nxAbnr -=  

 The method of steepest descent starts at chosen point at an arbitrary value of: 

  x(0)=[x0,x1,x2……..] 

 It then takes a step in the direction of steepest descent down the slope. The gradient is :  

             bAxxf -=)('                 Equation 10-8 

We want to take a step in this direction down the slope toward the minimum.  

 )().()()1( ' nfnnxnx a+=+                         Equation 10-9 

The length of the step alpha can be varied for an optimum descent rate. In fact it is possible 

to work with a constant step rate. 

For this discussion we will look at the possibility of making a step which is optimum. In 

the case of a two dimensional surface the step is being taken along a parabola so the 

optimum distance is the point where the parabola is at a minimum. This can be shown to be 

the point where the gradient is orthogonal to the search line,  

From the equation above:  

                                  ')( fnr -= (x(n))              Equation 10-10  
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The overall effect is that the algorithm searches along a direction of maximum descent 

until it finds appoint where the slope is orthogonal to the present slope. 
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To determine alpha it can be shown following ref() 
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nrAnr

nrnr
T

T

=a                        Equation 10-11 

 

This proof of the step length is included here but in the algorithms it is possible to take a 

fixed step instead of an optimum step the result is usually a lower convergence rate and a 

larger error,this will e demonstrated in a simple example. 

The algorithm can now be stated: 

Choose starting point for the algorithm 

X(0); 

start 

)(.)( nxAbnr -=  

)(.).(
)().(

)(
nrAnr

nrnr
n

T

T

=a  

)(.)1()( nxnxnx a+-=                                             Equation 10-12 

Repeat until the residue is less than a required figure. 

 At this point we will include a simple example of the algorithm in action being used to 

solve a two dimensional quadratic function and so solve a two variable linear equation. 
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Example: The example Ax=b where 

A=[7 2; 1 5]; 

b=[2; -9]; 

The determinant of the matrix det(A) =33 

The eigen values of the matrix A=7.73, 4.27. 

The result is the minimum point of the quadratic surface 02.132.51.7 22 =++ xxxx  

because the matrix is positive definite a plot of the quadratic is shown in fig(2-2).The plot 

is seen to have a dish like shape with a single minimum. 

 

Figure 10-1Quadratic surface 7.x1^2+5.x2^2+3.x1.x2 which is the quadratic form of a 

matrix which is positive definite 

The “ “scilab” ” code for computing this is included below to illustrate the computational 

simplicity of the algorithm as compared to matrix inversion. 
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Figure 10-2The  “scilab”  code which implements the method of steepest descent to solve 

the equation Ax=b 

Where A is positive definite. 

 For the purpose of this discussion we are trying to justify the connection between the 

solution of the linear equations and the minimum of the quadratic function f(x). This helps 

to understand the rate of convergence of the algorithm. 

The gradient descent algorithm will now be stated 

1. Estimate the value  x the solution )0(x . 

2. Calculate the residue. )(.)( nxAbnr -=  

3. Because bAxxf -=)('   

  (Then the residue is an approximation to the gradient of the quadratic function which has 

Ax=b as a solution).  

4. Therefore step in the direction of the negative gradient by changing x 
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5. )(*)()()1( nrnalphanxnx -=+  

Alpha is a parameter which  adjusts the length of the step 

The gradient descent algorithm can be used with a constant step this is used in the adaptive 

equalizer algorithms discussed in this report. 

 

10.1.2 Appendix2 Programme listings  “scilab”  code  
10.1.3 “ “scilab” ” code trained equalizer algorithm  

//Trained algorithm  “scilab”  code 

for s=1:1, 

terr=0;terrq=0; 

for z=1:1, 

for run=1:1, 

/////////////// 

//Sim equalizer over 100 runs in order to measure 

//Error rate after the data slicer 

// 

T=5000;    // total number of data 

z=1 

dB=400-(z-1); 

// SNR in dB value 

/////////////////////////////////////////////// 

// Simulate the Received noisy Signal  //////// 

N=10; // smoothing length N+1 

Lh=5;  // channel length = Lh+1 

Os=1;  // Oversampling ratio no of subchannels 

rand("uniform") 

lambda=0.001;M=4;dsource=1;d=1; 

//equalizer filtc 

Tp=11; //tOss 

centre=floor((Tp+1)/2); 

for i=1:T, 

temp=rand(); 

dsource(i)=1+floor(M*temp); 

end; 
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mOsping=[1+%i;-1+%i;1-%i;-1-%i] ; 

//mOsping=[1;-1;1;-1] ; 

for i=1:T, 

for k=1:Os, 

qam_sig(k,i)=mOsping(dsource(i)); 

end; 

end; 

x=qam_sig; 

///////////////////////////////ISI FILTER 

//h=[1 -(0.005/sqrt(2))*(1+%i)]; 

for i=1:7 

h(i)=1-exp(-(i-1)/0.1); 

end 

for i=7:14 

h(i)=exp(-(i-5)/0.1); 

end 

//channel2 

 

h=[1 -(0.5/sqrt(2))*(1+%i)]; 

h=[1 -0.95] 

h=[1/2 1 1/2 1/4 -1/8 -1/16 -1/32 -1/64] 

 

c=convol(h,qam_sig); 

///////add noise to the channel 

rand("normal"); 

nose=10**(-dB/20); 

for r=1:T, 

ns(r)=nose*(rand()+%i*rand()); 

//ns(r)=0; 

c(r)=c(r)+ns(r); 

end; 

 

////////////////////////// adOstive equalizer estimation via TRained 

//EQUALIZER 

x=c; 

Lp=T-N;   ///// remove several first samples to avoid 0 or negative subscript 

for i=1:Lp, 

for j=1:N+1, 
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X(j,i)=x(i+j-1); 

end; 

end; 

 

e=zeros(1,Lp);  // used to save instant error 

f=zeros((N+1)*Os,1); 

f(centre)=1; 

mu=0.001; 

 

i=2; 

//trained algorithm core is here 

for i=2:Lp, 

sbl(i)=f'*X(:,i); //z_k 

e(i)=qam_sig(i+6)-f'*X(:,i);          // instant error 

ehist(s,i)=e(i)*conj(e(i));   //error history 

f=f+mu*conj(e(i))*X(:,i);    // update equalizer 

//f(centre)=1; 

end; 

sb=f'*X;   // (perform equalization) 

//plot 

//end; 

//end; 

//zed\end 

//end; 

//////////////end of new bit///////////////////////// 

//////////slicer of the equalized data/////////////// 

 

for i=1:Lp 

if real(sb(i))>0, 

rl=1; 

ree=real(sb(i))-1; 

else 

rl=-1; 

ree=real(sb(i))+1; 

end; 

if imag(sb(i))>0, 

im=%i*1; 

emg=%i*(imag(sb(i))-1); 
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else im=-%i*1; 

emg=%i*(imag(sb(i))+1); 

end; 

slice(i)=rl+im; 

ierr(i)=ree+%i*emg 

end; 

 

//calculate means square error 

mserr(1)=0; 

for i=1:Lp 

mserr(i+1)=(mserr(i)+ierr(i)^2)/i; 

end; 

 

mserr(1)=0; 

for i=1:Lp, 

mserr(i+1)=mserr(i)+(abs(sbl(i)))/i; 

end; 

 

////calculate the error 

//for i=1:Lp 

//if real(sb(i)==1 

//ierr(i)=real(sb(i))-1+%i*(imag(sb(i))-1); 

//end; 

 

// 

///try here 

//////error in th equalized data//////// 

//equalizer output minus transmitted signal///// 

 

for i=1:Lp-4 

errr(i)=slice(i)-qam_sig(i+5); 

end; 

 

 

//errr(i) 

//qam_sig(i+6) 

//slice(i) 
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//////slicer of the unequalized data ////////// 

for i=1:Lp 

if real(x(i))>0, 

rl=1; 

else 

rl=-1; 

end; 

if imag(x(i))>0, 

im=%i*1; 

else im=-%i*1; 

end; 

sliceqm(i)=rl+im; 

end; 

 

for i=1:Lp-4 

errrq(i)=sliceqm(i)-qam_sig(i); 

end; 

 

mark=3; 

set("current_figure",10); 

xtitle(['Equalized Data QAM notch depth=26dB S/N=10dB'],'rel','img'); 

plot2d(real(sb),imag(sb),style=-mark); 

 

set("current_figure",11); 

xtitle(['Received Unequalized Data QAM notch depth=26dB S/N=10dB'],'x','y'); 

plot2d(real(x),imag(x),style=-mark); 

//set("current_figure",12); 

//plot(e,"sin","time","plot of sinus") 

//xtitle(['instantaneous err '],'x','y') 

 

//error count 

//size(errq 

cnter=size(errr) 

l=0; 

for i=1:cnter(1), 

if(errr(i)==0) then l=l+1; 

end; 

end; 
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l2=0; 

cnterq=size(errrq) 

for i=1:cnterq(1), 

if(errrq(i)==0) then l2=l2+1; 

end; 

end; 

terr(z)=l-cnter(1); 

terrq(z)=l2-cnterq(1); 

runterr(run)=terr(z); 

runterrq(run)=terrq(z); 

//end;//run 

//average results in runterr 

szert=size(runterr); 

sds=cumsum(runterr)/(szert(1)); 

terrz(z)=sds(szert(1)) 

szertq=size(runterrq); 

sdsq=cumsum(runterrq)/(szertq(1)); 

terrzq(z)=sdsq(szertq(1)) 

//2d(x) 

//end;//z end 

 

//end; 

//////////////end of new bit///////////////////////// 

//////////slicer of the equalized data/////////////// 

//////calculate instantaneouse error 

for i=1:Lp 

if real(sb(i))>0, 

rl=1; 

ree=real(sb(i))-1; 

else 

rl=-1; 

ree=real(sb(i))+1; 

end; 

if imag(sb(i))>0, 

im=%i*1; 

emg=%i*(imag(sb(i))-1); 

else im=-%i*1; 

emg=%i*(imag(sb(i))+1); 
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end; 

slice(i)=rl+im; 

ierr(i)=ree+%i*emg 

end; 

//calculate means square error 

mserr(1)=0; 

for i=1:Lp 

mserr(i+1)=(mserr(i)+ierr(i)^2)/i; 

end; 

 

mserr(1)=0; 

for i=1:Lp, 

mserr(i+1)=mserr(i)+(abs(sbl(i)))/i; 

end; 

 

////calculate the error 

//for i=1:Lp 

//if real(sb(i)==1 

//ierr(i)=real(sb(i))-1+%i*(imag(sb(i))-1); 

//end; 

 

// 

///try here 

//////error in th equalized data//////// 

//equalizer output minus transmitted signal///// 

 

for i=1:Lp-4, 

errr(i)=slice(i)-qam_sig(i+5); 

end; 

 

 

//errr(i) 

//qam_sig(i+6) 

//slice(i) 

 

//////slicer of the unequalized data ////////// 

for i=1:Lp 

if real(x(i))>0, 
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rl=1; 

else 

rl=-1; 

end; 

if imag(x(i))>0, 

im=%i*1; 

else im=-%i*1; 

end; 

sliceqm(i)=rl+im; 

end; 

 

for i=1:Lp-4 

errrq(i)=sliceqm(i)-qam_sig(i); 

end; 

mark=3; 

 

//set("current_figure",10); 

//xtitle(['Equalized Data QAM'],'rel','img'); 

//plot2d(real(sb),imag(sb),style=-mark); 

 

// set("current_figure",11); 

// plot2d(real(x),imag(x),style=-mark); 

//xtitle(['Received Unequalized Data QAM '],'x','y'); 

 

//set("current_figure",12); 

//plot(e,"sin","time","plot of sinus") 

//xtitle(['instantaneous err '],'x','y') 

 

//error count 

//size(errq 

cnter=size(errr) 

l=0; 

for i=1:cnter(1), 

if(errr(i)==0) then l=l+1; 

end; 

end; 

l2=0; 

cnterq=size(errrq) 
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for i=1:cnterq(1), 

if(errrq(i)==0) then l2=l2+1; 

end; 

end; 

terr(z)=l-cnter(1); 

terrq(z)=l2-cnterq(1); 

runterr(run)=terr(z); 

runterrq(run)=terrq(z); 

end;//run 

//average results in runterr 

szert=size(runterr); 

sds=cumsum(runterr)/(szert(1)); 

terrz(z)=sds(szert(1)) 

szertq=size(runterrq); 

sdsq=cumsum(runterrq)/(szertq(1)); 

terrzq(z)=sdsq(szertq(1)) 

//2d(x) 

end;//z end 

 

end; 

//s loop 

 

//for n=1:990 

//scle(n)=n; 

//end; 

 

messerr=sum(ehist,'r') 

//polyline=3 

 

//set("current_figure",21); 

//plot2d(abs(messerr)/10) 

//xtitle(['Trained equalizer convergence  notch depth 26db S/N=10dB mu=0.001'],'symbol','MSE_10_trials'); 

 

sizeh=size(ehist) 

//plot(ehist(1,1:100)) 

for i=1:4000 

avsm(i)=mtlb_sum(ehist(1:10,i))/10 

mse=avsm(i)*conj(avsm(i)) 
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end; 

 

set("current_figure",13); 

plot2d(avsm); 

xtitle(['Trained algorithm convergence notch depth=26dB,notch depth6dB S/N=40dB 

'],'symbol','mse_10_trials'); 

 

10.1.4 “ “scilab” ” code blind decision feedback equalizer using CMA algorithm in the feed-

forward path and decision directed algorithm in the feedback path 

///Blind equalizer based on the CMA algorithm 

clear 

for s=1 

terr=0; 

terrq=0;nruns=1; 

for z=1:1, 

for run=1:nruns, 

/////////////// 

//Sim equalizer over 100 runs in order to measure  

//Error rate after the data slicer 

// 

T=10000;    // total number of data 

dB=10-(z-1);//signal to noise power 

// ///SNR in dB value 

/////////////////////////////////////////////// 

////Simulate the Received noisy Signal  //////// 

N=10; // FIR filter length 

rand("uniform") 

M=4;dsource=1;d=1; 

//equalizer filtc 

Tp=11; //taps 

centre=floor((Tp+1)/2);///initialize the feed-forward fir filter 

for i=1:T, 

 temp=rand(); 

 dsource(i)=1+floor(M*temp); 

end; 
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mapping=[1+%i;-1+%i;1-%i;-1-%i] ;  

for i=1:T, 

 qam_sig(i)=mapping(dsource(i)); 

end; 

x=qam_sig; 

/////////////ISI FILTER///////////////////////// 

//h=[1/2 1 1/2 1/4 1/8 -1/8 -1/16 -1/32]  

h=[1 -(0.5/sqrt(2))*(1+%i)]; 

/////make the channel output 

c=convol(h,qam_sig); 

///////////////////////////add noise to the channel 

rand("normal"); 

nose=10**(-dB/20); 

 

for r=1:T, 

 ns(r)=nose*(rand()+%i*rand()); 

 c(r)=c(r)+ns(r); 

end; 

////////////// Adaptive equalizer estimation via CMA 

///////////////EQUALIZER /////////////////////////// 

x=c; 

Lp=T-N;   ///// remove several  samples t negative subscript 

for i=1:Lp, 

 for j=1:N+1, 

      X(j,i)=x(i+j-1);  

  end;  

end; 

e=zeros(1,Lp);   // used to save instant error 

f=zeros((N+1),1);  

f(centre)=1;     //inititalize the fir filter 

R2=2; mu=0.001;   

for i=1:Lp, 

   e(i)=abs(f'*X(:,i))^2-R2;   // instant error 

   f=f-mu*2*e(i)*X(:,i)*X(:,i)'*f;     // update equalizer  

   //f(centre)=1; 

   sbl(i)=f'*X(:,i); 

   ehist(s,i)=e(i)*conj(e(i)); 

   e2=sbl(i)-qam_sig(i+5); 
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   ehist2(s,i)=e2*conj(e2); 

end;  

///////This is the output of the feed-forward stage 

sb=f'*X;   // (perform equalization) 

//end; 

////////make the decision feedback equalizer 

//Take the decision feedback equalizer history// 

//Decision output dfeout 

//initialize dhist q        

dfein=sb 

ndfein=x 

dhist(1:11)=0; 

dfecoef(1:11)=0 

dfecoef(6)=0; 

Lp2=9900; 

mu2=mu; 

//////////////DFE LOOP////////////// 

//////////////////////////////////// 

for n=1:Lp2-N-1 

dfein(n)=f'*X(:,n); //output of the feed-forward 

dfb(n)=dfecoef'*dhist;//output of dfe block before quantiser 

dfeout(n)=dfein(n)+dfb(n); 

//slice the dfe out 

//////Slice the DFE data by finding the closest symbol 

  if real(dfeout(n))>0, 

  rl=1; 

  ree=1-real(dfeout(n)); 

  else  

   rl=-1; 

   ree=-1-real(dfeout(n)); 

  end; 

 if imag(dfeout(n))>0, 

     im=%i*1; 

   emg=%i*(1-imag(dfeout(n)));  

  else im=-%i*1; 

  emg=%i*(-1-imag(dfeout(n))); 

  end; 

 slicedfe(n)=rl+im; 
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 ierrdfe(n)=ree+emg; 

 isisign(n)=sign(real(ierrdfe(n)))+%i*sign(imag(ierrdfe(n))); 

//////////////updata dfe coeff//////////////////////////// 

 dfecoef=dfecoef + mu*conj(isisign(n))*dhist; 

///////////////////////////////// 

//calculate the error 

for l=1:10 

dhist(12-l)=dhist(11-l); 

end; 

dhist(1)=slicedfe(n); 

dfein(n) 

dfeout(n) 

dfb(n) 

end;///DFE loop ends here 

//////Slice the feed forward output data by finding  

///////the closest symbol ///////////////////////// 

for i=1:Lp 

  if real(sb(i))>0, 

  rl=1; 

  ree=real(sb(i))-1; 

  else  

   rl=-1; 

   ree=real(sb(i))+1; 

  end; 

 if imag(sb(i))>0, 

     im=%i*1; 

   emg=%i*(imag(sb(i))-1);  

  else im=-%i*1; 

  emg=%i*(imag(sb(i))+1); 

  end; 

  sliceff(i)=rl+im; 

  ierr(i)=ree+%i*emg 

end; 

////////////feeedforward error////////////// 

for i=10:T-N-5, 

 errff(i)=sliceff(i)-qam_sig(i+4); 

 //errff(i)=sliceff(i)-qam_sig(i+2);  //////1 plus 2 

end;  
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//count the errors in the feed-forward loop// 

lff=0; 

cnterff=size(errff); 

for i=1:cnterff(1), 

 if(errff(i)==0) then lff=lff+1; 

 end; 

end; 

//////////output errors///////////////////////////// 

szerrdfe=size(slicedfe) 

for i=10:szerrdfe(1,1), 

  errdfe(i)=slicedfe(i)-qam_sig(i+4); 

  //errdfe(i)=slicedfe(i)-qam_sig(i+2); 

end; 

cnterdfe=size(errdfe); 

ldfe=0; 

for i=1:cnterdfe(1), 

 if(errdfe(i)==0) then ldfe=ldfe+1; 

 end; 

end; 

///////////save the error count for this run 

runerrdfe(run)=cnterdfe(1)-ldfe; 

runerrff(run)=cnterff(1)-lff; 

end;  //run loop 

 

terrerdfe(z)=sum(runerrdfe)/cnterdfe(1,1) 

terrerff(z)=sum(runerrff)/cnterff(1,1) 

///average results in runterr 

sprintf('z=%3d  ',z)  

 

 

mark=3 

set("current_figure",14); 

xtitle(['CMA-Decision feedback EqualizeQAM notch depth=16dB S/N=40dB'],'rel','img'); 

plot2d(real(dfeout),imag(dfeout),style=-mark); 

 

set("current_figure",15); 

xtitle(['CMA-DFE output of the feed-forward section depth=16dB S/N=40dB'],'rel','img'); 

 plot2d(real(dfein),imag(dfein),style=-mark); 
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end;  ///z end db loop 

end;  ///s loop  mse error loop 

 

mark=3 

set("current_figure",14); 

xtitle(['CMA-Decision feedback EqualizeQAM notch depth=16dB S/N=40dB'],'rel','img'); 

plot2d(real(dfeout),imag(dfeout),style=-mark); 

 

set("current_figure",15); 

xtitle(['CMA-DFE output of the feed-forward section depth=16dB S/N=40dB'],'rel','img'); 

 plot2d(real(dfein),imag(dfein),style=-mark); 

 

set("current_figure",17); 

xtitle(['CMA algorithm equalized Data QAM notch depth=16dB S/N=40dB'],'rel','img'); 

 plot2d(abs(ierrdfe)); 

 

 

 

 


